Rings

Guroups  have only  one lofmvv operutitn, hut Wmost ot Twe
@lgzblomic, sbhruchures we are familiar wWth  hane 2. ¢-q ZJ
@J (E) RJ hx n lmah/l‘ce,s, etc. Thase ave all Vilan.

D___e,f: A lgk\:g R ¢ oo sof Wjeh/u,v- W/ two bflaqm.j op—wah‘uv\_g
+ (MJHTU\«) ond ‘(lmu('h'PlfLahlm) gqh‘g\cymj T ('DHO\N{V\G:

) (Rﬂ') s om abelian Jroup

2') * g ossociatve ° Cﬂ'lo)-c = a-~(lo-¢),

3) It sabisfieg dithibutivihy:
a-(b+c) da-pyr@-c) amed (a+b)c =<0-'C> "'(lo 'c,>

R s commutnhve (£ + is tommutative. R has aw identity
(mf~ contanin l) € 3 leR bt lra=o-]l fov all aeR.

\/UL‘l( usuo.lha WVH‘L’. C'JD ather hrew o, The add"‘h'\/{ iDLVWHfB
Will hee O aed Twe addibive imverse o o ie danmoted —a.

I~ e, be R avd ab-=I[= bee , b is oo multplicahve nuerse

£~ o, Note twat hot all V"Mjs have hultiplicahive  thuerses

fv  eah et

Ex: 7 s a ving w/ idumthy, lut only | oawd =] have



nultiplicative (e g

Def: IF R 66 a ving with idimtty | whwe [#0, ot evuy

nonzers ceeR  has o wmultiplicatiye inverse, R & calleed o

division  vin 9 . A commutative  Aivision I/!'v\j s -FIAA.
Ex: Q) ) @) R ave all felds,
Ex: Z/14/2 is a cwmmutahve V“"j w/ (denhty (‘hm eloan t T).

Ex: Lt H be twe hing ot elements off twe form ot bitcirdl,

Where  a,b,c,4 €eR.  Defrue + ovmmpoentuwise:

(afloc‘ i-c(if-dkj 1—(&’4—19’.: +(,’J ~d k)= (ou-a 9 *‘(lorla’)ii-@f(.')é r (d+d ) k.

omd v [ Hplication llrj e,xpamd.’kj and T U-va\j oul ruleg
flom Qg o hmultiply i‘-dzzkf‘-—l) L = =d¢ =k, etc

we allow twe real wellicienk b commute with ideL, W eq.

(v -30)(§-k) =~ j -k tig -k -3k +3k = -k bkt +30-3
= T3r3i 42
TWig s a divisiowm V\‘\Aﬂ/_
Note tnat ¢ we look at twe qubset where c=d =0, we S'UI— .

Ex: If R is an (additive) abeliom grup, We Com defive a-b=0 ¢ a,beR.
(called a teivial vikg)

Fromm e definition, we comm deduce o few bogic Pwpertiq ol vingc:



(pV__Ufl lt R Ioca,ln'mj.

1) O =D = O WV ae R

2) (2)b=a(-k)=- -bb)

v e,k e R

3) (a)(~b)=ab ¥ abeR

4) (£ R has aw iclo.mh'f\j [, trem it's wnique.

Pt 1) Ou = (0+0)a= 0a t0a — O0=0a (=80 by an amalogag

a“’jwvw.me ).

2) (-2)b + al - (-a.i—a)lo < 0b =0, so (ca)b = _Q_b\(zac"o))

3} (-e)CR) (2 n)) s = ((=R) = ab

q) (£ xeR ig amul‘f’l’plu'(_mh’va l‘d.vw(‘fhj) e

l—x < (=) =ll-xl=1-1=0, s l=%D

{ (

Unlike Vimﬂg Tt we're wged ‘hJ) avlol'{-m/wj l/l'mjs Vha,j have

tfwo Wwohzevo elemmunmts twnat l/mu(h'pltj to 0

Cx: In /Z/q/zJ 2#0, but (2)-7F - 0.

Def: Lt R he a ring.



O
*~

) kbt aeR st w20, (£ 3 beR $s€ ab=0 ov ba=0,

o i called a 2Zero diVisor,

2) 14+ R hay am idumthy 1 #0, tum ue R g a umit (¢
e s svwme Ve R sk, uv =vu=]. (ie ¥ u hay

o multiplicative invarse ). The seb b umits o R s
dunoted R"

Note: R* fovms a group un der mqlh'loh'cahwl, Iln o field,

eUery NonZ o elamnt 5 @ wnit

€ewvdiisors  Come naver be unity! (€ ca=1 ad a,|o=O) fov
Sowe b FO, C"-FO} (A VUPA b = calb= CO= O) w tontradictm,

= Fields came never have zero diVigsys.
Ex: € hoes no -0 d('V\'sovs) gk ks bmits ave =L L

51 [ /?/th i m)h, M, ™ 05 a 2ero divissv.

X
Oevwise, 1€ mfw, we vhowed me@z) mud is Dos «
wn't. e all T tonzeve 2lements ave  uniks or Tewdivisos

cnd P/MZ s a field &= K i prime.

Ex: bt Del st D s not a pubect square

Def e @(VTS)Z"'{O‘ + (D

s be@tC



Multiplication  and  additin are defined oz in C. i-e

<Ot+lo\/SJCq’+ lo'\fD—> =@,a’ {-lolo/b>-]— (alo'+ba'>\h_j
eQ

Note Tuat i€ a amd b aven't both O we hawe

S

(au—lp\/S) Ca—b(1;>=a2—lgzb + 0, fine D isn4

pevfect ‘ﬁuﬂl re.

Taus (a7b/B)  is e twverse of at bD, w all hohzero
a_?._lozD

elevwmnds  have (hverses, ond QD) ¢ Commmutafivg, o it's

o field, cald & 9quadratic feld

Rihjs 'h/wrl- have ho 2Z<eto divisove bhelhawe a ID+ Mmove

hicely, Z{I/\Miv‘j Moy proper fies with Z. (Hemc.e_ T iv nam...)

Def: A commutative ving W/ (&M'ﬁ\—% [0 ¢ called o

inteqra] domain £ + has ho 2zZero divsors.

Nom zerw diviewws have a niee  camce |lation PWP‘”{_‘Q "

?mEuSn'hW: Let R be a Vl'vj ovd a,lo,c,efz sk oI5 not a

2eww diviso. £ ab=ac, b a=0 o b=c. In particulay

s holds v awj'h/tw,c elounds in an im—lcjlfal dovnain,

Hi al"):a.(, ) QL,——OLc_:O =) &(L:—C)?-O’ S0 lev



O=0 or h-Cc=0== kb=cD

While wot all [m(-tjm[ domains  ave -F[(ldgl thig pup l'mpl;'es e

%llmwj:
Cov A""‘J finite im-!-c\,?ml dovain. 16 o freld.

Ph Let R ke a finite integral domain. Lt aeR o non e
WTS tat+ o has a l/mu('h'ph"(_aﬁ\/e invuse,

Considav twe fumctin R—R defived X +— o x,
I-£ ax =ay, T blj T Pvep., k:ljj o iy Maap is
imae,(,h'\/{, qu ST ‘P\"lm"re, H"g Q’Qv %v«raed\\/e) V)

3 kre R st ab=l Thus, R 1§ a field D

M‘Pi A $u‘oV[l,\_j b’@" O m’v\_ﬁ R I$ a Wbﬁmup (WV\.J'QV
adadihon)  tnat v closed wmdins wau [Hplicahom.

Note twat Shee 'R is Q Hmﬁ’ DV\A.LJ wlom'vxj d,cﬂ'm.c/ h ’hm'g
way Wil aufomatically satisfy o ring axioms, so it will
itself be a Vﬂ«j‘

R—lVVlCU/k: _ﬁ) L(/\CC,k T\/lq‘\' e qubset S 0-‘?‘ a ﬂyuup g a %\Alojlxuup)
we juit med That it's nowemphy amd A -k 6
Thig gives  us e P»llowwuj:



SML)V“’\j CV!.'{'CV'[(D'): g CR ig a hby“,\a |‘G 0\/\/\0{ O\’\\Lj ('ﬁ

S K¢ l/ufvw./w\p{"'ﬂ ond CJ[D S&d uwdiu~ ?\Ab‘hfa(,‘h(l\/\ o d
multiplication.

Ex: Q<R g«», anod  all  ntuiniants ave S'ulow'v\ﬂg_
Ex: w7 iz a cubw‘v-.j ok 7 YV nek.

Ex: Lot K=€a‘=fR—>IP§=W+ oL fumctions Bom R—=R TThis g
& ving  w/ (f #9)(a) = F(a) +9(=) ond (F3) () = $(=)q(~).

The st of continmouns Lumctitng @—9@ s a iflAloViv:j of R

Ex: et DX he quoveliee Debie 7 (P) = {“*bﬁl“"’”&.
This  is a gubeet of @ (‘/E>J oel it cleavly o subring,
Sine It (losed uvd e subhra citm, ad TF a,lo,c,o(é/?)

(e +byB )(c+dB )= ac+ bdD +(ad +be) (D ¢ 7 (o).

K3 7z

Recall Twat in ®<JE>, a+bVD hes inverse

(‘ale‘/D—> _ oo _ [ \/—6
D - WD kb

which (s ot MCcssavn'(tﬂ (h ZE‘]B].

ice. € (I5) is not ecfield . In pavticula- oy e & A SZ[Iv)

.6 oo # L=, has wo Thuevse.



_E_x.‘. (Mahrn'x v.'m\ﬂs) Lot R be a Vt'lnj. Defing Mm(R)
o be tHaw set o all hxn habrices with enbries from
R. Denote

(ai(") € Mh(R)

b be W wmathrx where Ct;d-éR (s Twa emhfb v Twe ™M ow
oeld 0(""" wlumn.

Twig ¢ a Aing wheve  addition  and  wmultiplication  ave T

ommdarvd  mmatvix op—cmh‘d\ns. Note Twy+
0= (qf&) Wihave ay =0 = (2:?)

ok it R bhas |, tn mu R Pl wthive fchm’h'{-b of MhCR')
(& (acd') Wlrer e

a;; = [ i€ f=J= ‘,IO
& |oitiv 0~ )

Note Twat £ n22 owd R 15 nontrivial, M.,.(R) s hot

Covmutative — ¢t £ R IR c,mmud-aﬁ\/e,{

lt a,beR b ab#0 Define
a o
A={o o ‘> = CQ;J) st =a, a_;é-=O Gi,jnot both one

o b o0 -~
VNS | B = (e ‘o . ): (l«u‘(D ct. lon,"- b and all ot Lfa=o_

~
-

e AB- (o)a‘j\{fn)fg} but BA=0, « AR #BA.



Il thig Case A avd B ave both zow divigovs

£ R hay a | tww e umits o8 ML (R) ave  ivwuabble

J

mabrices. ln fach, Twse v @ quup under multiplicaton,

called C\Lh(P—)lTN. gx/w”a( (ivear Jroup. [t hot a Vfl:zj_‘
(O - (
<Ol>+(0~l>;<30>
1 / 1

NVeLrhle not fhvevh bl
(zero diviger)



