
 
Rings

Groups have only one binaryoperation but most of the

algebraic structures we are familiar with hare 2 e.g Z

Q G IR hxn matrices etc These are all rings

Def A ring R is a set together w two binary operations
addition and multiplication satisfying the following

l R t is an abeliangroup

2 is associative arb c a b c

3 It satisfiesdistributivity
a btc Lab a c and at b c Ca c b c

R is commutative it is commutative R has an identity
or contain 1 if 7 I c R s t 1 a a 1 for all a c R

We'll usually write ab rather than a b The additive identity
will be 0 and the additive in verse of a is denoted a

If a b e R and ab L ba b is a multiplicative inverse
for a Note that not all rings have multiplicative inverses
for each elf

Ex R is a ring w identity but only I and I have



multiplicative inverses

Def If R is a ring with identity 1 where I1 0 s t every
nonzero a ER has a multiplicativeinverse R 13 called a
division ring A commutative divisionring is a field

Ex Q G IR are all fields

Ex 4h12 is a commutative ring w identity the element T

Ex Let It be the ring of elements of the form at bitcj talk
where a b C d C IR Define t componentwise

at bi Cj tdk a b'i c'j d k ata t btb it to jt dtd k

and multiplication byexpanding and then using out rules
from Qs to multiply i 2 j2 k I ij ji k etc

We allow the real coefficients to commute with i j k soe.g

I ti 3h j K j k ti j ite 3kg t 3k j k tk j 3i 3
3 3i 2J

This is a division ring
Note that if we look at the subset where c d O weget Cl

Ex If R is an additive abelian group we can define a b O f a BER
called a trivial ring

From the definition we can deduce a fewbasic properties of rings



Pep let 12 be a ring
1 Oa a 0 0 Hae R

2 C a b al b lab f a b c R

3 C a C b a b f a b e R

4 If R has an identity 1 then it's unique

PI l Oa 0 0 a Oa t Oa O Oa a 0 by an analogous

argument

2 a b t a b at a b Ob 0 so C a b b f atb

3 a C b a C b ab ab

4 If x c R is a multiplicative identity then
l x l x l Ly Hn l l O so I x D

Unlike rings that we're used to arbitrary rings may have
two nonzero elements that multiply to 0

Ex In 442 2 0 but I T O

Def let 12 be a ring



1 let a c R s t a 1 0 If 7 beR S t Ab O or Ba O

a is called a Zerodir

2 If R has an identity 1 10 then Ue R is a unit if
there is some v e R s t UV VU i e if u has

a multiplicative inverse The set of units of R is

denoted R

Nete R forms a group under multiplication In a field

every nonzero element is a unit

Zerodivisors can never be units If ca 1 and ab _0 for

some bto c 1 0 then b cab CO O a contradiction

Fields can never have zero divisors

Ed 12 has no zero divisors and its units are 1,1

Ex In 4h12 if m l h then hi is a Zero divisor
Otherwise if m4h we showed me z and is thus a

unit i e all the nonzero elements are units on Zenodivisors

and Muz is a field h is prime

Ex let DEB sit D is not a perfect square
Define TD at BRD a be E G



Multiplication and addition are defined as in Cl i e

bro a b'TD face'tbb'D ab tba rD
c IQ

Note that if a and b aren't both 0 we have

a bi a bro d b'D to since D isn't

a perfectsquare

Thus Ca brD is the inverse of at bid so all nonzero
az b'D

elements have inverses and TD is commutative so it's
a field called a quadraticfield

Rings that have no Zero divisors behave a lot more
nicely sharing many properties with 12 Hence their name

Def A commutative ring w identity 11 0 is called an

integral doma in if it has no Zero divisors

Nonzerodivisorshave a nice cancellation property

Pmi Let R be a ring and a b c c R s t or is not a

Zero divisor If ab ac then a _O or b c In particular
this holds for any three elements in an integral domain

PI ab ac ab ac o a b c O So either



a O or b c o b c D

While not all integral domains are fields this propimpliesthe
following

Cer Any finite integral domain is a field

PI Let R be a finite integral domain let a c R be nonzero
WTS that a has a multiplicative inverse

Consider the function R R defined X ax

If ax ay then by the prop X y so this map is

injective Since 12 is finite it's also surjective so

7 be R s t ab l Thus R is a field D

Def A subring of a ring R is a subgroup under

addition that is closed under multiplication

Note that since R is a ring any subring defined in this
way will automatically satisfy the ring axioms so it will
itself be a ring

Remark To check that a subsets of a group is a subgroup
we just need that it's nonempty and a b e S
This gives us The following



Subringcriter SER is a subring if and only if
s is nonempty and closed under subtraction and
multiplication

EI BE E IR E G and all containment are subrings

Ex NZ is a subring of 12 V HER

Ex let R t.IR IR set of functions from 112 2112 This is
a ring w d g a flat g a and fg a f agla

The set of Eatings functions 112 IR is a subring of R

EE let DER be squarefree Define RED a tbr a be't

This is a subset of TD and it's clearly a subring
since it's closed under subtraction and if a b c de12

atbrDJCctdrDJ_actazbdDt dtbcJfDETcCrDJ.l
TL

Recall that in TD atbrD has inverse

a bro FT a D TD which is not necessarily in 7ft

i e 12 Fb is not a field In particular army a c REECE
s t a t l 1 has no inverse



Ex Matrix rings let R be a ring Define Mn R
to be the set of all hxn matrices with entries from
R Denote

aij E Mn R

to be the matrix where Aij ER is the entry in the ith row
and jth column

This is a ring where addition and multiplication are the
standard matrix operations Note that

0 aij whereaij O

and if R has 1 then the multiplicative identity of Mn R
is Caij where

air foiiti.IT ji
Note that if h 22 and R is nontrivial Mn R is not

commutative even if R is commutative

let a b e R s.t ab to Define

A 8 aij set a a aij O ti j not both one

and B bij s.t.biz b and allotherbijO

Then AB 10 but BA O so AB BA



In this case A and B are both zero divisors

If R has a 1 turn the units of Mn R are invertible

matrices In fact these form a group under multiplication

called Gln R the general lineargroup It's het a ring

Gitto
increases

ko
7 9

not invertible
zero divisor


